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A cylindrical elastomer tube can stay in an everted state without any
external forces. If the thickness of the tube is small, the everted
tube, except for the regions close to the free ends of the tube,
maintains a cylindrical shape, and if the thickness is larger than a
critical value, the cross-section of the everted tube becomes non-
circular, which is caused by mechanical instability. Although
eversion-induced instability in an elastomer tube has been reported
several decades ago, a satisfying explanation of the phenomenon is
still unavailable. In all previous studies, linear analyses have been
adopted to predict the critical thickness of the tube for eversion-
induced instability. The discrepancy between prediction and experi-
ment is significant. In this communication, based on experiments and
theoretical analyses, we show that crease formation on the inner
surface of an everted tube is the mechanical instability mode, which
cannot be captured by linear stability analyses. Instead, a combination
of energetic analyses and numerical simulations of finite deformation
in an everted tube enables us to correctly predict both the critical tube
thickness for the onset of creases and the profile of the noncircular
cross-section of an everted tube.

Turning a structure inside out, often called eversion, is ubiquitous
in nature and frequently used in different fabrication processes. For
example, during the development of the Volvox embryo, a spherical
monolayer cell sheet turns itself inside out to achieve its adult
configuration;" the eversion of jellyfish, known as Yellyfish
syndrome’, is a mechanism to protect itself from environmental
changes;*® and stent eversion has been used to construct an
autologous heart valve, which is known as stent-biovalve.* Due to
its profound influence in nature and in various engineering applica-
tions, the eversion of 3D objects has been a topic of significant
interest for a large group of researchers for several decades.">"

Finite deformation is often involved in the eversion of

various structures.'? The deformation of an everted elastomeric
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tube has been one of the most classical finite deformation
problems since Rivlin'? first proposed it. Varga® has shown that
in experiments, except for the regions close to the two ends of
the tube, most of the tube after eversion is very close to
cylindrical in shape. Chadwick and Haddon have investigated
the conditions for the existence and uniqueness of the
solutions associated with cylindrical tube eversion.® Ericksen'®
and Antman"' further extended the results to the eversion of
spherical shells.

However, an experimental phenomenon associated with
tube eversion, first described by Truesdell,* has not been well
explained for several decades. Truesdell discovered in his
experiment that the cross-section of an everted cylindrical tube
became noncircular when the tube thickness was large enough.
To explain the observation quantitatively, both linear stability
analyses™® and weakly nonlinear analyses of tube eversion’
have been performed by different researchers. These analyses
have shown that when the tube thickness is larger than a
critical value, the axisymmetric deformation of an everted tube
is not stable anymore and wrinkles may appear on the inner
surface of the tube after eversion. Nevertheless, as pointed out
in many of these articles,”® the critical thickness of the tube
predicted by all the previous analyses is significantly larger
than the thickness of the tube used in Truesdell’s experiment.
This well-known discrepancy between the predictions and
experiments has not been resolved to date.

In the current study, we fabricate cylindrical elastomer tubes
with various sizes using a homemade mold. The material
of the tube is a silicone rubber purchased from the company
Smooth-On, Inc. (USA). We, for the first time, experimentally
demonstrate that when a cylindrical tube is everted as shown in
Fig. 1, multiple creases may form on its inner surface, which
has been recently identified as a distinct surface instability
mode from wrinkles.'*'® Previous studies have also shown that
due to the highly nonlinear deformation associated with crease
formation, the critical conditions for crease initiation cannot
be predicted using linear or weakly nonlinear analyses.® In this
article, through energetic analyses and linear perturbation
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Fig.1 Crease formation on the inner surface of an everted elastomer
tube. (a) If the thickness of the tube is small, after eversion, the inner
surface of the tube is smooth and (b) if the thickness of the tube is larger
than a critical value, multiple creases form on the inner surface of the
everted tube. In the photos above, the outer radius of the tube is 6 mm,
while the thickness of the tube in (a) is 2.5 mm and in (b) is 3.0 mm.
The length of the scale bar is 5 mm.

calculations, we show that creasing instability, instead of
wrinkling, should be responsible for the mechanical instability
associated with tube eversion.

To study the instability of an everted tube, we first calculate
the axisymmetric deformation field of an everted cylindrical
tube as shown in Fig. 2a. We use the polar coordinates
X = (R,0,2) to describe the undeformed configuration of the
tube and x = (r,0,2) for its deformed configuration. As shown in
Fig. 2a, the inner and outer radii of the tube in the undeformed
state are A and B, and they change to a and b in the everted
state. Previous studies have shown that by neglecting the edge
effect, the deformation of an everted tube can be simply
described by the following fields,>

r=rR), =60, z=,Z. (1)

The stretch in the radial direction is 4, = —dr/dR, Ay = 1/R in the
hoop direction, and 4, = 4 in the axial direction.

With the assumption of axisymmetric deformation, the force
balance equation for an everted tube is

do'rr Opr — 000

dr r 0. (2)

where o, and gy are the Cauchy stress in the radial direction
and hoop direction, respectively. The boundary condition for
the everted tube is o, = 0; on the inner surface: r = @, and on the
outer surface: r = b. Following Rivlin,'* instead of requiring the

This journal is © The Royal Society of Chemistry 2016

View Article Online

Soft Matter

AL

Undeformed state

(b) 2.50 T ' T T T T T T 1

2.25 -

2.00 |
1.75

] A
1.50
1.25 >\z
1.00

0.75

Stretches of inner surface

0.50 - >\9

0.25

0.00 — 77— 77—
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
H/B

Fig. 2 (a) Schematics of a tube in the undeformed and everted states.
(b) After eversion, the stretches in the radial direction Z,, hoop direction 4y
and axial directions 4, of the inner surface of the everted tube are functions
of the tube thickness H. In the calculations, we ignore all possible
mechanical instabilities.

normal stress to be zero on the ends of the tube, we relax the
boundary conditions to enforce the resultant force applied on
the ends of the tube to be zero, namely, fzrazzdr = 0. As shown in
the early experiments done by Varga,® the edge effect in an everted
tube only exists for the region around the distance of the thickness
of the tube away from its free ends.

For simplicity, we assume that the material of the tube can
be described using an incompressible neo-Hookean model."”
Therefore, we have the following stress-stretch relationship for
the material: o, = pA,> — p, 6pg = Ay — p and o, = pl;” — p,
where p is the small-deformation shear modulus of the elastomer
and p is hydrostatic pressure. The material is assumed to
incompressible, so we have 4,494, = 1.

The equilibrium solution of an everted tube can be numeri-
cally derived using a shooting method and the details are
discussed in Appendix A. Because both the stress boundary
conditions and stress balance equations are homogenous, the
equations apparently have a trivial solution corresponding to
the state without deformation. A nontrivial solution corre-
sponds to the everted state of the tube with finite deformation.
In Fig. 2b, we plot the stretches in the radial, hoop and axial
directions, /4, 49 and 1,, of the inner surface of the everted
tube as functions of the normalized thickness of the tube H/B
(H = B — A). After eversion, the axial and radial stretches are
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always larger than one and increases with the thickness of the
everted tube. The stretch in the hoop direction decreases as
the thickness increases, generating a compressive strain of the
inner surface after eversion. A comparison between the experi-
mental measurements and theoretical predictions of the inner
and outer radii of the everted tube for a range of thickness H is
provided in Fig. S1 (ESIY).

The corresponding stretch and stress fields for a given
thickness of H = 0.5B of an everted tube are plotted in Fig. S2
(ESIt). In the radial direction, the stretch A, decreases from a
value larger than one on the inner surface to a value smaller
than one on the outer surface. The radial stress o, between the
inner and outer surfaces of the tube is always compressive. In
the hoop direction, both the stretch 7y and stress gyy are
compressive on the inner surface of the everted tube, which
may result in surface instability that is shown in Fig. 1b.

As discussed before, wrinkling and creasing are two distinct
but commonly observed surface instability modes in soft
materials.'*™® Wrinkles are usually characterized by a smooth
undulation while creases are characterized by singular regions
of self-contact. Linear perturbation analysis is usually adopted
to obtain the critical conditions of wrinkling instability,'® while
a combination of numerical simulation and energetic analyses
is used to study crease formation.''® In the following, we
calculate the critical conditions for both wrinkling and creasing
instabilities of a tube in the everted state.

With the assumption of axisymmetric deformation of an
everted tube, we have calculated the deformation field r = r(R) of
an everted tube as shown in Appendix A. To conduct linear
stability analysis, we perturb the axisymmetric deformation
field r = r(R) by a displacement field in both radial direction,
u,(r,0), and hoop direction, uy(r,0), which further results in
perturbations of both the stretch field and stress field. Assum-
ing the perturbations are infinitesimal, we only keep the linear
terms of displacement perturbations in the governing equa-
tions. Consequently, we obtain an eigenvalue problem, which
determines the critical conditions, namely the tube thickness
H, for the onset of wrinkles, and the associated eigenvectors
describing the modes of wrinkling. A detailed formulation of
linear stability analyses can be found in Appendix B. In Fig. S3
(ESIt) we plot the critical tube thickness H for the onset of
wrinkles with different wavenumbers. From the calculations,
we can conclude that the critical tube thickness for the wrinkling
instability associated with eversion is Hgj = 0.58B. Similar
results have also been reported by Haughton et al.>®

Next, we aim at obtaining the critical conditions for creasing
instability on the inner surface of an everted tube. As shown in
our previous studies,'* the crease initiation is autonomous, so
the critical conditions of creasing can be determined by the
local strain field. Based on numerical simulation and energetic
analyses, Hong et al.'® obtained the critical conditions for the
initiation of a crease on a free surface: 1,/4, = 2.4, where /, and
A, are the two principal stretches on the surface and they
correspond to 4, and 4y in cylindrical coordinates adopted in
the current tube eversion problem. Comparing the stretch
distribution of the inner surface and the critical conditions
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for crease initiation, as shown in Fig. 2b, we obtain that the
critical tube thickness for creasing instability is He = 0.435B,
which is dramatically smaller than the critical thickness for
wrinkling instability predicted based on linear stability analy-
sis. Therefore, creasing is the surface instability mode for an
everted tube, which explains why all the previous linear stability
analyses overestimated the critical tube thickness. Our statement
has also been partially confirmed by the experiment shown in
Fig. 1. In Fig. 1a, the inner surface of an everted tube is smooth
with the thickness H = 0.42B; while in Fig. 1b, creases are visible
on the inner surface of the everted tube for the thickness
H =0.5B. Although it is not easy to determine the exact thickness
for the onset of crease, the critical thickness of the tube has to
fall in the range between 0.42B and 0.5B.

We next conduct finite element simulations to further verify
the critical conditions for the crease initiation obtained above
and to investigate the post-creasing phenomenon of an everted
tube. To avoid simulating the complex eversion process, we
conduct finite element analysis of the model with initial
prestress and prestretch fields as computed from Appendix A.
The axial stretch /, is kept as a constant in the simulation, so it
is a generalized plane strain problem. To simplify the problem,
we assume the creases to distribute around the inner surface of
an everted tube periodically. Therefore, only a sector of the
cross-section of a tube is used in the simulation (inset of Fig. 3).
By using the sectors with different angles 0, we can simulate the
scenario of an everted tube with different numbers of creases
on its inner surfaces. To artificially introduce a crease, we
impose a radial displacement at a point on the inner surface
of an everted tube as shown in Fig. 3. We then numerically
calculate the strain energy of the everted tube as a function of
crease depth d. To accurately capture the stress/strain field
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Fig. 3 Normalized strain energy of an everted tube with different thick-
nesses as a function of crease depth d. When the thickness H is smaller
than the critical thickness: 0.435B (dash lines), the strain energy of the
everted tube increases monotonically with the increase of the crease
depth. When the thickness H is larger than the critical thickness (solid
lines), the strain energy of the everted tube has a minimum value for a finite
crease depth. In the above calculations, we assume that there are 12
creases distributed periodically around the inner surface of the everted
tube shown in the inset.
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associated with the formation and growth of creases in an
everted tube and to improve the convergence of the numerical
simulation, we adopt a mesh-to-mesh mapping technique in
the simulation (detailed discussion of the simulation procedure
can be found in Appendix C). According to our knowledge, the
numerical simulation strategy described above has never been
reported to model creasing instability in previous studies.

In Fig. 3, we plot the strain energy of the everted tube in the
creased state U, normalized by the strain energy of the everted
tube with an asymmetric smooth deformation U,, as a function
of the normalized crease depth d/B. When the tube thickness
H is small, the strain energy of an everted tube increases
monotonically with increasing crease depth d. When the tube
thickness H is larger than a critical value, namely 0.435B, the
strain energy of the everted tube decreases first with increasing
crease depth d, which reaches a minimum for a certain crease
depth. Further increase of crease depth will cause an increase
of the strain energy. The computational results indicate that
when the tube thickness is larger than the critical thickness,
the formation of creases on the inner surface of the everted
tube can reduce the strain energy. Therefore, the numerical
simulation is consistent with our previous predictions of the
critical tube thickness for crease formation.

To further predict the total number of creases on the inner
surface of an everted tube, by varying the crease depth and
the angle of the sector in our simulation, we can compute
the minimal strain energy of the everted tube with different
numbers of creases. As shown in Fig. 4a, when the thickness of
the tube H is larger than the critical thickness, an everted tube
with a finite number of creases on its inner surface minimizes
the total strain energy. Based on the computational results
shown in Fig. 4a, we further plot the number of creases, which
minimize the total strain energy of the everted tube, as a
function of tube thickness (Fig. 4b). With the increase of tube
thickness, the number of creases on the inner surface of
everted tubes decreases. Although the normalized energy dif-
ference of everted tubes with different numbers of creases is
small, the absolute value of the energy difference can be large,
compared to the typical thermal fluctuation energy and the
energy level associated with most environmental noise. It is
reasonable to assume the everted tubes to stay in the config-
urations with minimal energy, which is also a widely adopted
assumption in many previous studies of different mechanical
instability patterns.">'®'® The predicted result and a microCT
(micro-computed tomography) image of a cross-section of an
everted tube with a thickness of H/B = 0.52 are compared in
Fig. 5. It clearly shows that not only the number of creases but
also the profile of the inner surface of the everted tube can be
well captured by our predictions.

Although our predictions agree well with experimental
observations, certain limitations exist in our theory. For example,
we assume the distributions of creases are periodic in the inner
surface of everted tubes. The assumption may be invalid in certain
scenarios. In particular, preexisting defects in the system may
predetermine the locations of crease formation." In addition, we
adopt the neo-Hookean model to characterize the hyperelasticity
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Fig. 4 (a) Normalized strain energy of an everted tube with different
numbers of creases. (b) Number of creases on the inner surface of the
everted tube with minimal strain energy.
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Fig. 5 A comparison between the predicted result (a) and the microCT
image (b) of a cross-section of an everted tube with the initial thickness of
H/B = 0.52. The colors in (a) indicate the von Mises stress normalized by
the shear modulus u of the elastomer. The length of the scale bar is 5 mm.

of elastomers in our experiments, which may be inaccurate for
different elastomers. However, as discussed in the reference,”
the strain involved in the crease formation is finite but modest;
the neo-Hookean model should be accurate enough for most
elastomers.

In summary, we studied the mechanical instability of an
everted cylindrical elastomer tube. By comparing the critical
conditions of creasing and wrinkling, we show that the formation
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of creases, instead of wrinkles, is the surface instability mode for
an everted tube when its thickness is larger than a critical value.
Our studies have successfully resolved a long-lasting discrepancy
between the theoretical predictions and experimental observa-
tions of the critical thickness for an everted tube being unstable.
Based on the minimal strain energy assumption, we have also
successfully predicted the number of creases formed on the inner
surface of a tube after eversion. Our studies of tube-eversion
induced creasing in this communication may trigger more inves-
tigations of mechanical instabilities associated with eversion of
different structures, such as spherical shells.
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